In order to study the morphological evolution of river beds composed of heterogeneous material, the interaction among the different grain sizes must be taken into account. In this paper, these equations are combined with the two-dimensional shallow water equations to describe the flow field. The resulting system of equations can be solved in two ways: (i) in a coupled way, solving flow and sediment equations simultaneously at a given time-step or (ii) in an uncoupled manner by first solving the flow field and using the magnitudes obtained at each time-step to update the channel morphology (bed and surface composition). The coupled strategy is preferable when dealing with strong and quick interactions between the flow field, the bed evolution and the different particle sizes present on the bed surface. A number of numerical difficulties arise from solving the fully coupled system of equations. These problems are reduced by means of a weakly-coupled strategy to numerically estimate the wave celerities containing the information of the bed and the grain sizes present on the bed. Hence, a two-dimensional numerical scheme able to simulate in a self-stable way the unsteady morphological evolution of channels formed by cohesionless grain size mixtures is presented. The coupling technique is simplified without decreasing the number of waves involved in the numerical scheme but by simplifying their definitions. The numerical results are satisfactorily tested with synthetic cases and against experimental data.
which, in 2D Cartesian coordinates, can be written as follows 
The term S τ in (1) accounts for the frictional effects on the bed as where n is the roughness Manning's coefficient which has to be evaluated 133 taking into account the surface texture as it is described in further subsection. 
Bed and surface texture evolution model. Hirano's active layer model

139
The evolution of bedload-dominated channels has been traditionally modelled 
where η is the bed elevation, ξ = extended to sediment mixtures assuming that (i) the grain size distribution of the bed surface is divided in N discrete fractions, (ii) F s are the frequencies of each grain size on the surface ( subscript s denotes the particle class 159 and ranges from 1 to N ) and (iii) that a constant density is assumed for 160 all sizes, given that all sediment on the channel bed has originated from a 161 common source. Each sediment fraction is associated with a characteristic 162 grain diameter, D s .
163
Each particle size may be transported at different rates. Let us denote q bs 164 the fractional sediment transport rate associated to grain size s, which is coordinate which represents the stratigraphy of the bed at any given point.
192
The non-time dependency of f ss is true when the river bed at a particular for the s-th particle size
where V s is the fractional mass of sediment within the control volume Ω, Γ at which the boundary Γ moves, and n is the outward unit vector normal to 210 Γ.
211
The time evolution of V s in equation (12) 
where A(x, y) is the area across which sediment moves vertically. For this 217 case A(x, y) = ∆x∆y. ρ s is the density of the sediment. Then, equation (13) 218
The integral in (14) is split in two parts to account for the vertical disconti-220 nuity of the bed stratigraphy f s in (10), which has been sketched in Figure   221 1 
The temporal evolution of the mass of sediment V s , i.e. the integral in the 229 right hand-side of (16) can be rewritten by applying the Leibnitz' rule
The 
Mathematical advantages arise from expressing the rate of change of the sur-
254
face fractions as in (21). Namely, although (21) is not a hyperbolic equation,
255
a wave speed at which perturbation of the surface texture propagates λ Fs
256
can be estimated through the sediment fluxes as follows, 
Bedload transport rates are usually expressed in dimensionless form by the
296
Einstein number
where r = ρ s /ρ w is the ratio between sediment (ρ s ) and water (ρ) densities.
298
Dimensionless sediment transport rates are usually expressed in terms of the 299 dimensionless shear stress or Shields number as
where 
which, with the aid of (5), leads to the following expression for the Shields 303 number: The system of equations in (1) is integrated using the Gauss theorem in a 328 grid cell Ω L . n denotes the outward vector to the cell edge Ω L and E n =
329
Fn
The second integral in (33) can be explicitly obtained as a sum over the cell
where dl k is the length of each edge of a cell and N E is the number of edges 
Substituting the piecewise assumption, (35), in (34), this latter equation is
where l k is the length of each edge of a cell and S bn and S τ n are the integrals 339 of the friction and bed slope terms [9] .
340
The numerical scheme to solve (36) is constructed by means of an approx-
341
imate Jacobian matrix J n,k at each edge k between neighbouring cells and 342 defined through the normal fluxes between these adjacent cells E n approximate matrices P = ( e 1 , e 2 , e 3 ) and P −1 which allow to diagonalize the 348 Jacobian matrix,
being Λ k the matrix which contains the eigenvalues in the diagonal. In 350 addition, the vector of conserved variables, U is then split through the matrix 351 of eigenvectors, P, as
The source terms in (36) are also projected onto the matrix of eigenvectors,
353
P to guarantee the exact equilibrium between fluxes and source terms,
Based on the above information the volume integral in the cell at time t
The superscript minus in (41) implies that only the incoming waves are con- Courant dimensionless number, CFL is used to control the stability of the 365 numerical scheme
where the superscript m ranges from 1 to 3, according to the three equations
367
(1) for the hydrodynamic part. χ is the relevant distance for numerical 
Equation (42) 
where it is worth recalling that q bn = (q b,x n x + q b,y n y ) and also q b, 
Then, the Godunov first order method is built through a flux scheme, con-
385
sidering outcoming and incoming fluxes through the edges of the cell. Hence 386 the bed elevation η is updated as
where total sediment fluxes across each edge are written as the sum of the 388 fractional bedload transport rate s,
The fractional bedload transport rates q * bsn,k are computed following the up-390 wind philosophy, i.e., taking the values from left or right side according the 391 sign of the celerity,
being q bsn,L and q bsn,R the bedload transport rates associated with the s grain 393 size across neighbouring cells (L, R). λ bsn,k is the numerical bed celerity, i.e.
394
the speed at which changes in the bed propagate along the domain, estimated
where where ∆t
with CFL=1 in the case of 1D configurations and CFL≤1/2 in the case of 403 triangular unstructured grids. The following physically-based, self-stable numerical scheme is introduced.
411
We start this mathematical development from (21)
Equation (21) is integrated following the same steps used above: (i) integra- order method is built through a flux scheme. Therefore, the surface fraction 
where the sorting celerities λ F s,k are defined as
tionally, since mass conservation must be satisfied, the following condition 
With this new constraint, the time step that governs the stability of the 431 numerical scheme proposed to solve the system of equations formed by (1),
432
(7) and (21) is obtained as
This new stability criterion prevents instabilities of the numerical scheme.
434
The performance of the numerical outcomes are presented in the next section. 
Examples of application: test cases
436
The weak hyperbolicity strategy outlined in the previous section is now ap- by arbitrarily increasing/reducing the feed rate by 35% (see sections below).
468
In order to prevent spurious numerical instabilities arising from the jump 
483
The vertical texture of the bed is considered equal to the surface texture. In the second test case, the grain size distribution is composed of two equally 525 distributed grain fractions (Table 1 ). Initial and boundary conditions for the 526 test are listed in Table 1 .
527
The temporal imbalance in the sediment transport rate at the inlet and the 528 outlet is shown in Figure 5a fraction is produced much faster than the bed and the hydrodynamic adjust-541 ments. This leads to a smaller time steps until the bed gradually adjusts.
542
Note that the time step during the adjustment period of time, t < 15000s, 
One-dimensional aggrading tests
559
The second test case is analogous to the first one but now the new equilibrium 560 profile is attained after a transient aggradational process. To achieve this the 561 initial sediment transport capacity obtained for each grain size using the same Table 1 ). 
Two-dimensional asymmetric dam break
This numerical experiment has been considered for testing the performance Case DB-1: spatially uniform grain size distribution: texture 1
Case DB-2: spatially non-uniform grain size distribution: texture 1 + texture 2 Figure 9 : Sketch of the two-dimensional asymmetric dam break: plan view of the spatially uniform grain size distribution Case DB-1 (top) and of the spatially non-uniform grain size distribution Case DB-2 (bottom). T1 and T2 represent the two initial surface textures used in the numerical simulations (Table 4) .
Two distinct cases have been considered (Figure 9 ). In the first case, hereafter 
624
The grain size distribution of the surface can be summarized by the geometric 625 mean diameter, D g . Figure 12 , which illustrates the spatial distribution of on the areas where the bed aggrades. Figure 12 presents the expected results
649
as far as the evolution of D g are concerned.
650
Results presented in Figure 11 show how different and significant channel 
